
1. Almost sure convergence and convergence in probability

Let (Ω,B.P) be a probability space. Let Xn, X : Ω → R. We say Xn → X almost
surely if there is a set A ⊂ Ω such that

(i) P(A) = 1,
(ii) Xn(ω)→ X(ω) for all ω ∈ A.

We say that Xn → X in probability if for every ε > 0, P(|Xn − X| ≥ ε) → 0 as
n→∞.

We first remark that both concepts only make sense for random variables defined on
the same probability space.

It is important to know that convergence in probability does not imply almost sure
convergence. To see this, consider Xn : [0, 1]→ R, equipped with the uniform measure
via

X1 = 1[0,1/2], X2 = 1[1/2,1], X3 = 1[0,1/4], X4 = 1[1/4,1/2], . . . ,

which does not converge at any point yet converges to zero in probability. We provide
another example later.

Almost sure convergence does imply convergence in probability.

Proposition 1.1 Suppose Xn → X almost surely. Then Xn → X in probability.

Proof. Let A ⊂ Ω such that

(i) P(A) = 1,
(ii) Xn(ω)→ X(ω) for all ω ∈ A.

Then for every ω ∈ A we have that for all k ≥ 1 there is a Nk such that for all n ≥ Nk,
|Xn(ω)−X(ω)| ≤ 1/k. In set notation we have

A ⊂
∞⋂
k=1

∞⋃
N=1

∞⋂
n=N

{ω ∈ Ω : |Xn(ω)−X(ω)| < 1/k}.

By DeMorgan’s law and subadditivity, for any k ≥ 1,

0 ≥ P(A) ≥ P

(
∞⋂
N=1

∞⋃
n=N

{ω ∈ Ω : |Xn(ω)−X(ω)| ≥ 1/k}

)
.

Since every probability space is a finite measure space, by monotocity,

0 ≥ lim
N→∞

P

(
∞⋃
n=N

{ω ∈ Ω : |Xn(ω)−X(ω)| ≥ 1/k}

)
. (1)

To conclude the proof note that

{ω ∈ Ω : |XN(ω)−X(ω)| ≥ 1/k} ⊂
∞⋃
n=N

{ω ∈ Ω : |Xn(ω)−X(ω)| ≥ 1/k}.

�

The proof above sheds a lot of insight into the nature of almost sure convergence.
Note that until (1), we only assumed that Xn → X almost surely. Thus almost sure
convergence allows us to control the simultaneous probabilities that XN , XN+1, . . . are
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far from X, while convergence in probability only allows us to control one XN at a
time. This should be compared to the above example.

We now mention another example. For each n ∈ N let Ωn be the probability space of
placing balls into n buckets independently and uniformly (since there can be arbitrarily
many balls, one can invoke Kolmogorov’s extension theorem to guarantee such a prob-
ability measure). Let Ω =

∏
n Ωn be the product space equipped with the probability

measure assured by Kolmogorov’s extension theorem. Let Xn : Ωn → N be the number
of balls needed to fill all n buckets.

Exercise 1.2 Show that Xn/n log n → 1 in probability. (Hint: Write Xn =
∑n

k=1Bk

where Bk is the number of balls needed to go from k nonempty buckets to k+1 nonempty
buckets. Note that Bk has a geometric distribution. Then use independence of the Bk’s
and Chebyshev)

Exercise 1.3 Show that for any ε > 0, P(Xn > (2−ε)n log n occurs infinitely often) =
1. (Hint: Second Borel-Cantelli lemma)

We remark that there is a matching upper bound when one replaces −ε with +ε.
Furthermore, using more involved arguments, one can show lim infnXn/n log n = 1
almost surely.

So in our example, we see that the typical behavior of Xn is n log n, yet there is not
enough bias towards this to control the quantity in (1). The reason is that the Xn’s
are independent from each other, so the total union in (1) is much larger than any
individual element of the union.

On the other hand, in some instances we can expect that convergence in probability
should not be stronger than almost sure convergence. Roughly this will happen when
the Xn influences Xn+1, . . . , so that the events in the right hand side of (1) overlap a
lot. Let’s see an example.

Proposition 1.4 Let X1, X2, . . . be independent random variables and let

Sn = X1 + . . .+Xn.

If Sn converges in probability, then Sn converges almost surely.

Proof. Set
Sm,n = Xm+1 + . . .+Xn.

We first assume

P( max
m<j≤n

|Sm,j| > 2a) min
m<k≤n

P(|Sk,n| ≤ a) ≤ P(|Sm,n| > a), (2)

and prove it after. Fix ε > 0. Since Sn converges in probability, it is Cauchy in
probability, that is P(|Sn−Sm| ≥ ε)→ 0 as m→∞, n > m. Thus minm<k≤n P(|Sk,n| ≤
ε)→ 1 and P(|Sm,n| > ε)→ 0, both as m→∞. By (2), this implies

P( max
m<j≤n

|Sm,j| > 2ε)→ 0,

as m→∞.

Exercise 1.5 Use this to show that Sm is Cauchy almost surely. (Hint: write what it
means for an element ω ∈ Ω to be Cauchy).
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We now turn to proving (2). The key observation is that

{ω : |Sn(ω)−Sm(ω)| > a} ⊇ {ω : |Sj(ω)−Sm(ω)| > 2a}∩{ω : |Sn(ω)−Sj+1(ω)| ≤ a}.
Let Aj = {|Sm,j| > 2a,maxm<i<j |Sm,i| < 2a} and let Bj = {|Sj,n| ≤ a}. Note the Aj
are disjoint and that Bj is independent from Aj. So it follows from these observations
that

P(|Sm,n| > a) ≥ P(
n⋃
j=1

Aj ∩Bj) =
n∑

j=m

P(Aj ∩Bj)

=
n∑
j=1

P(Aj)P(Bj) ≥ min
m<j≤n

P(Bj)
n∑
j=1

P(Aj)

From here (2) follows. �

Note that in the end, its equation (2) that allows us to amplify convergence in
probability to almost sure convergence. Thus, for instance, if X1, X2, . . . are identically
distributed independent random variables with zero expectation and unit variance, one
can use just Chebyshev’s inequality and Proposition 1.4 to show that for any ε > 0,

X1 + . . .+Xn

n1/2+ε
→ 0,

almost surely.
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