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1. Statement

The goal of this note is to discuss and prove the following proposition.

Proposition 1.1 For a prime q let fq : T→ C be defined via

fq(θ) =

q−1∑
j=0

χq(j)χ[j/q,(j+1)/q](θ),

where χq is the Legendre symbol of modulus q. Then for any p > 2, as q →∞,

||f̂q||p/(p−1)
||fq||p

→∞.

2. Details of the proof

Let T = R/Z and f : T→ C be a function in L1(T). For each n ∈ N, we have

f̂(n) =

∫ 1

0

f(θ)e(−nθ) dθ,

where e(θ) := e2πiθ. For f ∈ L2(T), we have Pythagorean’s theorem,

||f ||L2 = ||f̂ ||`2 ,

while for f ∈ L1(T), the triangle inequality asserts

||f̂ ||L∞ ≤ ||f ||`1 .

By the Riesz interpolation theorem, we obtain the Hausdorff-Young inequality, which
asserts that for any 1 ≤ p ≤ 2 there exists an Ap (in the present case Ap = 1) such
that

||f̂ ||p/(p−1) ≤ Ap||f ||p. (1)

It is a well-known fact that (1) cannot hold for p > 2. One such proof of this fact uses
a deterministic f wtih some “random noise” attached. The random noise leaves ||f ||p
unchanged, but alters ||f̂ ||p/(p−1). Then using Khintchine’s inequality one obtains that
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on average, (1) does not hold. Below we replace this random approach with a “pseudo-
random” approach, which has the added benefit of being explicit. I talk a bit more
about the probabilistic approach in my blog post titled “Discrete Fourier transform.”

We briefly remark that there are other deterministic approaches. For instance, when
the domain is R, one can consider f̂s(ξ) = e−πsξ

2
for s = σ + it. As t → ∞, this

example shows that Hausdorff-Young cannot hold in R. This does seem reminiscent
to the example we are considering here. Other examples can be found in Zygmund’s
books on trigonometric series.

We first construct an example with the discrete Fourier transform. Let q be a prime
and G = Z/qZ. Fix χ ∈ CG. We define χ̂ ∈ CG via

χ̂(ξ) =
1

|G|
∑
m∈G

χ(m)eq(−mξ),

where eq(x) := e2πix/q. Let µ be the uniform probability measure on G. We equip CG

with the inner products

〈χ1, χ2〉 =
∑
m∈G

χ1(m)χ2(m),

and

〈χ1, χ2〉µ =
1

|G|
〈χ1, χ2〉.

Recall the Fourier transform is a Banach algebra isomorphism from (CG, ∗, || · ||µ) to
(CG, ·, || · ||), where ∗ is convolution and · is pointwise product.

Then Pythogorean’s theorem asserts

||χ̂||`2 = ||χ||`2µ , (2)

and the triangle inequality yields

||χ̂||`∞ ≤ ||χ||`1µ .

So again by Riesz interpolation, we have for 1 ≤ p ≤ 2, there is an Ap (again, Ap = 1
here) such that

||χ̂||`p/(p−1) ≤ Ap||χ||`pµ . (3)

Our first goal is to show the following.

Proposition 2.1 The inequality (3) cannot hold for p > 2. What’s more, there exists
an explicit sequence of functions χq such that

||χ̂q||`p/(p−1)

||χq||`pµ
→∞,

as q →∞.

We now construct a sequence of χq ∈ CG which shows that (3) cannot hold for p > 2.
We remark that in what follows we utilize that G is a field, and in particular we take
advantage of the multiplicative structure.
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We choose χ = χq to be the Legendre symbol

χ(m) =


1 if m is a square in G×,

0 m = 0,

−1 otherwise.

Note that χ̂(0) = 0, as there are (q − 1)/2 squares in G× and (q − 1)/2 non-squares
in G×. We also have χ(m1m2) = χ(m1)χ(m2) for all m1,m2 ∈ G. So for ξ 6= 0,

χ̂(ξ) =
χ(ξ−1)

|G|

q−1∑
m=1

χ(mξ)eq(−mξ) = χ(ξ)χ̂(1).

Thus all the nonzero Fourier coefficients have the same modulus. So by Pythagorean’s
theorem (2), we have for all ξ 6= 0,

|χ̂(ξ)| = 1/
√
q.

Note that for 1 ≤ p, p′ <∞
||χ||p`µ = (1− 1/q)1/p,

while
||χ̂||`p′ = (1− 1/q)1/p

′
q1/p

′−1/2.

We assume (3) holds and specialize to the case where 1/p+ 1/p′ = 1 to obtain

(1− 1/q)1−1/pq1/2−1/p ≤ Ap(1− 1/q)1/p. (4)

For any fixed p, the quantity (1− 1/q)1−2/p → 1, so (4) can only hold if q1/2−1/p ≤ 2Ap
for all q prime. This implies p ≤ 2 and establishes Proposition 2.1.

We now use the previous construction to show (1) cannot hold for p > 2. Define a
function fq : T→ C via

fq(θ) =

q−1∑
j=0

χq(j)χ[j/q,(j+1)/q](θ).

Then a straightforward calculation reveals that

f̂q(n) =
1− eq(−n)

2πin
qχ̂q(n).

Note that for n ∈ q · Z, f̂q(n) = 0.
So we have that for any 1 ≤ p, p′ <∞ that

||fq||Lp = (1− 1/q)1/p,

and

||f̂q||p
′

`p′
≥ qp

′/2

q−1∑
n=1

∣∣∣∣1− eq(−n)

2πin

∣∣∣∣p′ ≥ cp
′
qp
′/2q1−p

′
,

for some absolute constant c > 0. We now assume that (1) holds. Then from the above
considerations, upon setting 1/p+ 1/p′ = 1, we have

cq1/2−1/p ≤ ||f̂q||`p′ ≤ Ap||f ||Lp = Ap(1− 1/q)1/p.

Letting q →∞, we see this can hold only when p ≤ 2.
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We remark that the crucial property we used was that the Fourier coefficients were
all of order

√
q, while the function values were uniformly bounded, independent of q.

There are other examples of such functions. Examples can be constructed using curves
over finite fields and Weil’s bound, or by considering other primitive multiplicative
functions of conductor q.

3. Shapiro-Rudin polynomials

Thanks to Sergei Konyagin, I am now aware of an elegant construction that shows
that Hausdorff-Young (1) cannot hold for p > 2 due to Shapiro. I provide the details
in this short section.

Let n ∈ N and N := 2n. To find a counterexample to (1) for p > 2, it is enough to
find polynomial of the form

Pn(x) =
2n−1∑
k=0

±e(k), ||Pn||`∞ ≤ C
√
N,

for some choice of signs and constant C (recall || · ||p ≤ || · ||∞).
We define trignometric polynomials inductively. Let P1 = Q1 = 1 and

Pn+1 = Pn + e(ik2n)Qn, Qn+1 = Pn − e(ik2n)Qn.

Then by induction, we have

|Pn(x)|2 + |Qn(x)|2 = 2|Pn−1(x)|2 + 2|Qn−1(x)|2 = 2n.

Thus ||Pn||`∞ ≤
√
N .
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