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Introduction

The solution profiles of dispersive partial differential equations depends heavily on the
algebraic properties of time. At rational times with respect to the period, the solution is
a piece-wise step function. However at irrational times with respect to the period, the
solution is a continuous, but nowhere differentiable fractal curve.
This phenomenon is known as the ”Talbot Effect”, which is when the solutions to a disper-
sive PDE exhibit two vastly different behaviors, depending on what time they are calcu-
lated.
Since the solution curves at irrational times are very fractal-like, they are quite chaotic and
can oscillate very quickly. We can look at the box-dimension of these curves in order to
get an idea of how chaotic each solution is.

Methods

Using the function g(x) as our initial data, we manually calculated it’s fourier coefficients.

u(x, 0) = g(x) =

⇢
0 : x  ⇡
1 : pi<x

For any dispersive partial differential equation with dispersion relation w(n), the solution
can be calculated as:

u(x, t) =
+1X

n=�1
ĝ(n)eiw(n)teinx (0.1)

With the Python software, we used the fourier coefficients of g(x) to provide an approx-
imation of our initial data. Using equation (0.1), and truncating our fourier series from
n = -1000 to n = +1000, we numerically calculated the solutions to various dispersion
relations.To properly calculate the box dimension of the solutions, we needed a formal
definition of the box dimension, dim.

dim = lim
✏!0

logN(✏)

log1✏
(0.2)

where N(✏) is the number of boxes that the solution touches, and ✏ is the width of each
box. Rather than looking at each data point, and counting every time the data touches a
new box, we used a much faster algorithm for calculating this quantity.

N(✏) =
NX

n=0

[
max(f (x))�min(f (x))

✏
] for n✏ < x < (n + 1)✏ (0.3)

where N is 2⇡/✏ rounded to an integer. Because we cannot take the limit as epsilon ap-
proaches zero when using a numerical approach, we instead calculate the numerator and
denominator of (0.2) for different values of epsilon. The box dimension can be approxi-
mated by the slope of the best fit line for these values.

Results

At rational times with respect to the period length, the solution is a piecewise constant
function. This is shown below.

At irrational times with respect to the period length, the solution is a fractal-like curve. This
is shown for the dispersion relation below.

For odd powered dispersion relations, the imaginary part of the solution is always zero.
Once again, at rational times the solution is piecewise constant. After adding a small
irrational component to the time, the solution is no longer piecewise constant, yet it still
resembles a similiar structure because the times are so close together.

Solutions can also be graphed on oblique lines, where the time is a function of position.
When the solutions are graphed on oblique lines, we found that the box dimension in-
creases as the order of the dispersion relation increases.

However, when looking at the linear Schrödinger equation (w(n) = �n2), we have found
that there are a few oblique lines where the box dimension drastically drops. Two of these
cases are shown below.

In a paper by Burak Erdoğan and George Shakan, they showed that on an oblique line,
the box dimension of a solution to a dispersive PDE with dispersion relation w(n) = nd has
an upper bound of 2� 1

d(2d+1)
. This holds for the solutions we calculated on oblique lines.

Future Directions

Above we showed two solutions for the linear Schrödinger equation on oblique lines where
the box dimension decreased substantially. We would like to find more of these oblique
lines for other dispersion relations, and to understand why these specific oblique lines are
different than the rest. One possible reason for this could be traced back to a picture in
a paper by Michael Berry [2] of a quantum carpet. The slopes of the oblique lines shown
in figures 6 and 7 match the slopes of the low density regions of the quantum carpet in
Michael Berry’s paper. We will investigate this topic further. We would also like to verify
that the box dimension of solutions to more dispersive PDEs on oblique lines is less than
the upper bound mentioned in [2]. We will also search for an upper bound on the box
dimension of the special oblique lines for the Schrödinger equation, and other dispersive
partial differential equations.
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